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ABSTRACT 


The  Jost  functions  have  been  so  called  in  honour  of  R.  Jost 
who  presented  the  first  detailed  study  of  their  properties  in  his 
researches  (I9U7)  in  the  quantum  theory  of  potential  scattering.  They 
have  since  been  the  subject  of  numerous  investigations,  many  of  which 
define  the  functions  for  unphysical  as  well  as  physical  values  of  their 
arguments . 

In  this  work  we  are  concerned  with  the  Jost  functions  defined 
for  general  complex  values  of  their  arguments.  The  first  chapter  gives 
a  brief  description  of  the  physical  motivation  for  the  study. 

The  second  chapter  deals  with  the  analyticity  of  the  Jost 
functions  .  Hitherto,  it  has  only  been  possible  to  give  analytic 
continuations  for  these  functions  into  certain  regions  for  potentials 
which  have  specific  representations  (e.g.  a  power  series)  near  the 
scattering  centre  and  near  infinity.  This  study  presents  such  continu¬ 
ations  while  only  assuming  continuity  and  integrability  conditions  on  the 
potential.  These  continuations  are  greatly  facilitated  by  a  lemma  which 
allows  the  use  of  two  'comparison*  equations  instead  of  one  to  construct 
Volterra  integral  equations  for  solutions  to  second  order  linear  O.D.E.'s. 
We  also  present  new  contour  integral  techniques  for  establishing  some  old 
results . 


The  third  chapter  reports  the  partial  success  of  an  attempt  to 


describe  the  Jost  functions  when  their  variables  are  large. 
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CHAPTER  I 


JOST  FUNCTIONS  IN  THE  QUANTUM  THEORY  OF  POTENTIAL  SCATTERING 

This  chapter  is  devoted  to  a  brief  description  of  the  physical 
problem  which  gives  rise  to  the  Jost  functions  and  the  necessity  for  a 
study  of  their  analyticity  and  asymptotics  in  their  arguments, 

§1,1  Potential  Scattering 

The  Schrodinger  equation  for  a  beam  of  particles  of  energy  E  } 
mass  m  and  momentum  P  =  Rk  moving  in  a  region  free  of  any  scattering 


field  is 


(1.1) 


or 


(  tf2  +  k2)f0 


•J  2mE 

‘  R  • 


where  h  is  Planck's  constant  and  k 


Solutions  of  this 


equation  represent  the  space-dependent  part  of  plane  waves  of  wavelength 


ik  r 

r-  ,  Consider  the  solution  ijj  =  e  for  a  plane  wave  in  the  direction 

K  O 


o 


n  ©  =  k/k  .  This  solution  represents  a  beam  of  particles  in  the  nQ 
direction  whose  current  density  is  defined  to  be 


(1.2) 


In  the  case  of  a  similar  beam  incident  on  a  scattering  potential 
U(r)  the  Schrodinger  equation  is 


v2^  +  —  (E  -  U(r)ty  =  0 

ft 2 


(1.3) 


' 


2 


or 


(v2  +  k2  -  V(r ))ip  =  0 


2tn 


where  V(r)  =  —  U(r),  Under  the  conditions  that  V(r)  be  measurable 
^  2  ^  ^ 

R 

and  |v(r)|  <  F(r)  ,  r  =  |rj  ,  where 

r°° 

/  rF(r)dr  <  <» 


and 


00 


r2F(r)dr  <  oo  f 


Hunziker  has  discussed  the  existence  and  uniqueness  of  a  bounded 
solution  to  (l,3)  with  the  asymptotic  behaviour 


(1.10 


ip( r)  =  eik,~  +  eilcr/r  A(9,cp)  +  o(l/r)  ,  as  r  -> 


00 


where  r,  9,  cp  are  spherical  polar  co-ordinates.  If  the  potential  is 
central,  i.e,  V(r)  =  V(r)  ,  and  the  polar  axis  is  taken  to  be  nQ  then 
(1.4)  may  be  written 


(1.5) 


+  e*kr/r  A (9)  +  o(l/r))  as  r  ->  »  . 


We  identify  the  two  terms  in  (1.5)  to  be 


if/  (r) 


ik.  r 
e  ^  'v 


the  incident  plane  wave,  and 


ip  (r) 
r  s 


elkr/r  A (0), 


a  scattered  spherical  wave.  The  current  density  in  the  plane  wave  is 
given  by  ( 1 . 2 )  and  in  the  scattered  wave  by 


*  Hunziker,  W, ,  "Regularitatseigenschaf ten  der  Streuamplitude  im  Fall  der 
Potentialstreuuing",  Helv.  Phys.  Acta  ^4,  p.  595  (1961). 
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(l-6)  is  =  251  (*,*?*.  -*.vO 

.  £k  |A(8)|g 
m  3  ~  * 

r 

Hence  the  number  of  particles  crossing  an  element  dS  of  a  sphere  of 
radius  r  ,  centre  r  =  0  ,  per  unit  time  is 

Rk  IMfll2  ds  , 

m  p  f 

r 

and  the  number  of  particles  per  unit  time  scattered  into  a  solid  angle 
element  d£2  in  the  direction  9  is 

£  |A(e)|£dn  . 

From  (l.2)  the  number  of  particles  per  unit  of  incident  current  scattered 
into  d&  per  unit  time  is  therefore 

| a( 0 ) | sda  . 

The  quantity  |a(0)|2  is  called  the  differential  scattering  cross-section 
and  A(@)  is  called  the  scattering  amplitude, 

§1,2  Jost  Functions  and  the  Scattering  Amplitude 

One  approach  to  determining  the  scattering  amplitude  is, 
formally,  as  follows.  The  functions  ^(r)  =  ^(r,  9)  and  A (9)  =  A(k,  cos0) 
are  expanded  as  series  of  Legendre  polynomials 

<P#(k >r) 

1=0 


H r,  9) 


(1.7) 


r 


P^(cos@) 


2b 


8 1  noiJaailb  s*to  ni  Qb  3nanal® 


.  m>al(e>A|  2g 
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■  j 


k 


00 


(1.8) 


A(k,  cos@)  =  ^  a^(k)P^(cos@)  . 


1=0 


The  function  <p^(kjr)  roust  satisfy  the  differential  equation 


(1.9) 


d2cp 


dr‘ 


/  +  (k2  .  i£i±ll  .  v(r))<p.  =  0 

2  *> 


and  cp^  must  be  bounded  and  have  a  continuous  bounded  derivative 
0  <  r  <  oo  t  The  equation  (l.9)  will  be  referred  to  as  the  radial 
Schrodinger  equation.  It  will  be  proved  later  (Theorem  2,l)  that  if 


f 

J  R>  0 


V(r)dr  <  oo  then  there  are  two  linearly  independent  solutions  to 


(1.9)  which  behave  like  e~‘*'^r  ,  as  r  ->  00  f  respectively.  Hence,  as 
r  ->  00  t  any  solution  cp^(k,r)  to  (l,9)  has  the  behaviour 

(1.10)  (p^k-jr)  =  B(/,k)ei^kr'5/n"n/2\l+o(l))  +  C(i,k)e'i^kr'2i,t",t/2\l+o(l)). 

*  ik  r 

From  the  known  Legendre  polynomial  development  of  e  we  have 


(l.ll)  +  eikr/r  A(k,cos0) 


and,  since 


00 

=  £  Vi(kr)  +  a/(k)eikr/i 


P^(cos0) 


1=0 


o  — 

J/+Ikr)  =  (^)2cos(kr  "  -  n/2 ) ( 1  +  0( l/r ) ), 


Antosiewicz,  H.  A.,  "Bessel  Functions  of  Fractional  Order",  U.S.  Dept, 
of  Comm.,  Natl.  Bureau  of  Standards  App.  Math.  Ser.  _55,  p,  *0-5,  (196*0. 
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as  r  — ► 


«  ,  it  follows  from  (l.j)  that 


00 


(1.12)  r^(r,9)  =  2|tl  e-i(kr-iit-x/2)( 1+0(  i ) ) 


1=0 


+  (^J^  e"1  ^  +aJ(k))elkr(l+o(l) 


?  J^icosd), 


and  hence 


(1.13)  cp/kjr)  =  2|tl  e-i(kr-i«-n/2)(n.0(1))  + 

(~  e-iV^i(k))eikr(l+o(l))  ( 


as  r  — >■  oo 


Comparison  of  (l.lO)  and  (l.lj)  yields 


O.HO 


B 


1*2*1 

W*J 


1  2ik  /.  v 

1  +  2/+1  a6^ 


i.e, 


ai(k)  = 


21+1 

2ik 


c(i7k 


-  i 


and  fro™  (l.8)  the  scattering  amplitude  A(k,c.os@)  is  given  by 


00 


(1.15) 


A(k;cos@) 


i= 0 


21+1  |~B(l,k^ 
2ik  _C( Iyk, 


-  1 


P^(cos0)  . 


B 

Since  only  the  ratio  ~  is  important  the  solution  cp.  to 

A  Z 

(l.9)  need  only  be  defined  to  within  a  constant  multiple.  The  particular 

(p  which  we  will  study  will  be  given  in  the  next  chapter, 

z 

In  what  follows  it  will  be  convenient  to  take  A  =  l  +  l/2 
and  to  work  in  terms  of  this  new  parameter.  Equation  (l,9)  may  be  written 


(1.16) 


+  (k2  -  L- .Z-iA  „  V(r))cp  =  0  , 


dr‘ 


6 


and  the  Jost  functions  f^^(X,k)  and  f^2^(X,k)  are  then  defined  to  be 


(1.17) 


f^(X,k)  =  (2k*)1/2  C(i,k) 


and 


f^2^(X,k)  =  (21m)1/2  B(/,k) 


also  a(A,k)  is  defined 


(1.18) 


a(X,k) 


X  [ f^(X,k) 


so  that,  from  (I.I5), 
(1.19)  A(k,z) 


=  ^  a(X,k)P^_1  ,g(z)),  X  »  l  +  1/S,  z  »  cos 9 
t—0 


§1. 3  Jost  Functions  with  Complex  Arguments 

( 1  2 ) 

Although  f'  *  '(A,k)  have  physical  meaning  only  when 
\  =  i  +  l/2j  i  ss  0,  1,  2,  ...  ,  and  k  is  purely  real  or  purely 
imaginary  (so  that  the  energy  E  =  -g-—  is  real)  physicists  have  found 
it  useful  to  extend  the  definition  of  these  functions  to  complex  values 
of  "K  and  k  .  This  is  usually  accomplished  by  taking  /  and  k 
complex  in  equation  (1.9)  and  to  define  the  Jost  functions  by  the  asymptotic 
expression  (1.10)  as  before.  The  questions  of  the  analyticity  and 
asymptotics  of  the  Jost  functions  in  their  arguments  arise  mainly 
because  researchers  have  found  useful  expressions  for  physically  important 
functions  in  terms  of  contour  integrals  and  Poisson  integrals  involving  the 
Jost  functions  in  the  complex  ^  and  k  planes.  We  give  two  examples, 
namely  dispersion  relations  in  the  k-plane,  and  the  Watson  transform  in 
the  >y-plane. 


6axu9t-)b  gl  ( / 1/  a  oai  8 
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Dispersion  relations  are  a  simple  consequence  of  Cauchy's  integral 
formula.  If  w(k)  is  a  regular  analytic  function  in  Imk  >  0  then 


(1.20) 


Imk  >  0 


where  C  is  any  simple  closed  contour  about  k'  «  k.  In  particular  C 
may  be  taken  to  be  an  interval  of  length  2R  of  the  real  k'-axis  and  a 
semicircle  of  radius  R  in  the  upper  k' -plane  and  enclosing  k1  ■  k,  If 
w(k')  0  ,  as  k'  ,  uniformly  with  respect  to  arg  k'  ,  0  <  arg  k'  <  it 

then 


(1.21)  w(k)  >  J  dk'  ,  Imk  >  0  . 

If  k  is  real  then 


w(k) 


as 


lim 

r\  ->  0+ 


1 

2jti 


w(k' ) 

k'  -k-m 


dk' 


& 


dk'  . 


If  w(k)  »  u(k)  +  iv(k)  (u,  v  real)  then  it  follows  from  (l,22)  that 


(1.2J) 

and 

(1.2k) 


u(k) 


v(k) 


t 


Expressions  like  (1,23)  and  (l,24)  are  called  dispersion 
relations,  and  if  they  can  be  written  for  the  Jost  functions  for  example, 
they  are  important  in  that  they  affect  physically  measurable  properties 


i  e : i  *  u\  >  3\lR  K  v  'g  *1  *  ol  (*)v  1-  ,*I rxrro^ 
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of  the  scattering  without  involving  details  of  the  potential.  The  reader 
is  referred  to  the  book  of  Goldberger  and  Watson  (28  ]  for  a  discussion  of 
dispersion  relations. 


The  Watson  transform  is  pertinent  to  the  expression  (1.19)  for 
the  scattering  amplitude  A(k, z)  which  may  be  written 


d.25) 


A(k, z) 


cos  «A 


P.  i(-z)dA 

A-2 


(l  2 ) 

provided  f'  }  '(A,k)  are  analytic  functions  of  A  for  fixed  k  and 

equal  to  the  physical  Jost  functions  at  A  =  l  +  I ,  l  =  0,  1,  2  , , ,  , 

P  00 

Here  the  symbol  /  denotes  a  contour  of  integration  which  begins  at 

00  and  ends  at  00  e  encircling  A  =  2  in  the  positive  sense.  If 

a(A, k)  — >  0  sufficiently  rapidly  as  A  — ►  00  in  ReA  >  0  and  is  analytic 
there  then  the  contour  in  (l„25)  may  be  deformed  to  ReA  =0  so  that  one 
finds  a  new  expression  for  A(k,z); 


(1.26) 


A(k,z) 


1  f  lC°  a(A,k) 
21  J.  ico  cos 


Px_i(-z)dA 


+ 


ReA  >0 
n 


?ta(An,k) 
cos  jtA 

n 


where  a(A,k)  has  poles  of  residue  a(An,k)  at  A  =  An.  This  process 
of  deforming  the  contour  is  called  the  Watson  transform. 


The  Legendre  polynomial  development  (1.15)  of  A(k,z)  con¬ 
verges  in  an  ellipse  in  the  complex  z-plane  of  foci  +1  and  semi-axes 

J |p  +  — |  where 
P 


*  Whittaker,  E.  T,  ,  and  Watson,  G.  N., 
Camb,  Univ,  Press,  p,  J23  (1962). 


"A  Course  of  Modern  Analysis", 


f. 
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(1.27) 


p  =  “2  la  #(k)  | _1/^ 


00 


The  main  purpose  of  the  Watson  transform  is  that  it  gives  an  analytic 
continuation  of  A(k, z)  out  of  this  ellipse.  For  z  — ►  <» 

<->-*-l(l  ♦  0(z-2)) 


♦  Trfer1  (-z)*(1  +  0(z'2))* 


so  that  the  integral  in  (1,26)  is  0(z  2 )  and  the  main  contribution  to 
A(k, z)  comes  from  the  pole  of  a(A,k)  farthest  to  the  right  in  the 

A-plane,  if  these  poles  are  bounded  by  some  line  ReA  =  constant,  so  that 


V* 


(1.28) 


na(A..,k)2  r(X„) 

A(k,z)  =  - 2 -  .  ”...  (,z)  "  (i  +  o(l)) 

7  cos  It  AMr(2+AN)  ' 


as  z  ->  oo  # 


For  further  applications  of  the  Watson  transform  the  interested 


reader  is  referred  to  the  report  of  N,  D,  Kazarinoff  to  the  1964  Langer 

** 

Symposium  on  asymptotics. 


Stegun,  I.  A.,  "Legendre  Functions”,  U.S,  Dept,  of  Comm.,  Natl. 

Bureau  of  Standards  App,  Math.  Ser.  p.  332  (1964). 

** 

Wilcox,  C.  H. ,  "Asymptotic  Solutions  of  Differential  Equations 

and  their  Applications",  John  Wiley  and  Sons,  Inc.,  pp.  231-245  (1964). 


. 
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CHAPTER  II 


THE  ANALYTICITY  OF  THE  JOST  FUNCTIONS 


The  second  chapter  deals  with  the  analyticity  of  solutions  to 


the  radial  Schrodinger  equation  in  the  complex  parameters  A  and  k 
and  the  results  are  applied  to  the  Jost  functions. 

§2. 1  Some  Preliminary  Lemmas 

We  begin  by  proving  a  lemma  which  is  fundamental  to  the  type  of 
analysis  with  which  we  are  dealing  -  namely  Gronwall‘s  Lemma  -  which  may 
be  stated  as  follows* 

Lemma  2, 1  (Gronwall) 


Let  f(x)  >  0,  g(x)  >  0  and  f(x)  be  measurable  f(x)g(x)  and 
g(x)  integrable  in  a  <  x  <  b  ,  If 


x 


(2.1) 


f(t)g(t)dt  ,  C  >  0  , 


a 


then 


x 


(2.2) 


f(x) 


a 


x 


Proof t  Let 


f(t)g(t)dt  so  that,  for  almost  all  x  , 


a 


||  =  f(x)g(x) 


and 


* 


Titchmarsh,  E.  C., 


"Eigenfunction  Expansions",  Oxford,  1,  p,  115(1962). 


11 


^  <  Cg(x)  +  yg(x)  , 


^  |^y  exp  (- J  g(t)dt)J  <  Cg(x)exp  (- J  g(t)dt)  . 


Integration  over  (a,x)  gives 


y  exp (- J  g(t)dt)  <  C  £l  -  exp(-  [  g(t)dt) 


a 


and 


f  ( x  )  <  C  +  y 


<  C  exp( J  g(t)dt)  . 


An  example  of  a  use  of  Gronwall’s  Lemma  is  given  in  the  proof 


of  Lemma  2.2. 


This  thesis  is  essentially  concerned  with  properties  of  solutions 
to  second  order  linear  ordinary  differential  equations 

+  F(x)y  =  0. 

dx2 

If  F(x)  is  an  analytic  function  of  x  in  a  neighbourhood  of  x  =  xq 
with,  at  most,  a  second  order  pole  at  xq  then  the  differential  equation 
may  be  solved  by  the  standard  power  series  methods.  However,  if  F  is 
not  analytic  then  the  usual  approach  is  to  try  to  find  an  equivalent 
integral  equation  for  y  which  may  be  solved  by  some  iterative  process. 

We  give  here  a  method  for  constructing  such  integral  equations  which  we 
believe  to  be  new,  and  of  which  the  well  known  variation  of  parameters 
results  for  Volterra  and  Fredholm- type  integral  equations  are  special  cases. 
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Lemma  2.2 


Let  (a,b)  be  a  finite  or  infinite  real  interval  and  F,  F 


and  F^  be  real  or  complex-valued  continuous  functions  on  (a,b).  If 

and  satisfy  the  differential  equations 

d2Y 

(2.3)  - -  +  (F(x)  +  F  (x))Y  =  0 

dx2  1  1 


and 


(2.4) 


d2Y. 


dx 


■f  +  (F(x)  +  F£(x))Y2  =  0 


dY  dY 

respectively!  and  the  Wronskian  W(Y^(x),  Y^x))  =  Y^  — —  -  Y^  — ^  ^  0  , 
a  <  x  <  b  ,  then  any  solution  of 


(2.5) 

satisfies 

(2.6) 


+  F(x)y 
dx 


=  0 


yM  =  f12(x)  +  f2l^  +  f  S12(x,  t)F1(t)y(t)dt  + 

J  y 


J'  821(x, t)F^(t)y(t)dt, 


where  x^,  i  =  1,  2  are  points  of  [a,b]  and 


fjjOO  -  Yj(x)w(Y.(xi),  y(x.))/W(Y.(x),  Y.(x)) 

gij(*.t)  »  Y  (x)Y1(t)/W(Yi(x),  Yj(x)),  i  /  j  . 


This  result  enables  us  to  construct  integral  equations  (2.6) 
which  are  equivalent  to  the  differential  equation  (2.5)  when  the  Wronskians 
of  y  and  Y^  are  given  at  x  =  x^ .  We  give  as  corollaries  important 


T0 
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special  cases  which  may  be  found  in  textbooks  on  differential  equations 
and  mathematical  physics. 

Corollary  1 

If  Fx  =  F2  =  Fq,  and  \  ,  then  W^,  Yg)  =  A  , 

a  constant,  and  y  satisfies  the  equation  (2,5)  if*  and  only  if, 


(2.7) 

y(x)  =  f(x)  +  f  g(x,t)F  (t)y(t)dt  ,  x  e  [a,b] 

^  X 

o 

where 

f(x)  =  i  Y2(x)W(Yx(xo),  y(xo))  -  i  Yx(x)w(Y2(xo),  y(xQ)) 

and 

g(x,t)  =  A  YgfxjY^t)  -  i  Y1(x)Yg(t)  . 

Equation  (2,7)  is  a  Volterra-type  integral  equation  and  may  be  used  when 
equation  (2,5)  is  given  with  two  initial  conditions  at  x  =  xq  . 

Corollary  2 

If  a  Fg  =  Fq,  and  ^  =  a,  ^  =  b  ,  and  W(Y^,  Yg)  =  A  as 
before  then  y  satisfies  (2.5)  and  only  if. 


(2.8) 

r  b 

y(x)  =  f(x)  +  /  g(x,t)F  (t)y(t)dt 

J  a 

where 

f(x)  =  5  Y2(x)w(Y1(a),  y(a))  -  £  Y1(x)w(Y2(b),  y(b)) 

and 

g(x,t)  =  i  Yg(x)Y1(t)  ,  a  <  t  <  x 

=  |  VX>V  '  *  i  e  <  b 

■ 


*  .  hj  » 


j'i) 


■ 
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The  equation  (2,8)  is  of  Fredholm  type  and  may  be  useful  if 
boundary  conditions  are  given  for  (2.5)  at  x  =  a  and  x  =  b  . 


In  the  present  work  only  equations  of  Volterra  type  will  be 


used  so  that  we  will  be  interested  in  Lemma  2.2  when  x,  =  x_  =  x 

1  2  o 


Proof  of  Lemma  2.2 

We  first  prove  that,  given  (2.3)  and  (2.4),  equation  (2.5) 
implies  equation  (2.6). 

Multiplication  of  (2.5)  by  and  of  (2.3)  by  y  and  sub¬ 

traction  of  the  resulting  expressions  yields  the  result 


(2.9) 


F1(x)Y1(x)y(x)  . 


Integration  of  (2.9)  from  x^  to  x  gives 


*  W(Y1(x1),  y(xx))  +  /  F1(t)Y1(t)y(t)dt  . 


Similarly, 


Multiplication  of  (2,10)  by  Yg  and  of  (2.1l)  by  Y^  and  subtraction 
yields  the  integral  equation  (2,6), 

The  proof  of  the  converse  result  that  (2.6)  implies  (2,5) 
depends  critically  on  the  nature  of  g^(x,  t)F1( t)  and  .  g^^x, )Fg(t) 


i 

< 

■  ■ 


. {  *'  )  .  ■  . 


. 

..  •  ....  .  ••  ...  - 


(x  , 


■  ■  ■ '  ■  ■ 


i9Vv..  is  •/  t' 

fb 

((x)x  ,(xr)^Y)U  «  ,r  X  ,  *5  ,*  (01. St) 

.(d,5)  no ..iauy9  Lmx  3 J nrjt  srf  r  h  u»ly 


* ***)jg$  ^na  asuJan  •dJ  no  yIIaol3l*o  a btmqmb 
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and  the  points  x^  and  x^  ,  As  an  example  of  a  use  of  Gronwall's  lemma 
we  will  supply  a  proof  in  the  case  when  x^  =  x^  =  xq  and 

|g12(x, t)Fx(t)  +  g21(x,t)F2(t) |  <  g(t)  where  g  €  L(a,b)  .  Differentiation 
of  (2,6)  twice  yields  after  some  rather  lengthy  but  easy  manipulation  the 
equality 


/X  n  X 

g12(x, t)F1(t)E(t)dt  +  J  g21(x, t)F2(t)E(t)dt 


x. 


^2 

where  E(x)  =  — +  F(x)y  ,  Equation  (2,12)  holds  quite  generally  and, 

dx2 

under  the  present  assumption,  reads 


E(x)  =  /  (g12(x,t)Fx(t)  +  g21(x, t)F2(t))E(t)dt  , 

J  x 


and  hence 


|E(x)|  <  £.  + 


g(t)  |E(t)|dt  , 


for  every  g  >  0  ,  and  by  Gronwall's  lemma  (lemma  2.1) 


|E(x)|  <  e  exp(  /  g(t)dt) 

^  x 


o 

p 

so  that  E(x)  a  0  ,  i.e.  +  F(x)y  =  0  ,  which  is  (2,5)  . 

dx2 

In  some  important  cases  in  our  work  it  will  not  be  possible  to 
find  a  suitable  Lebesque  integrable  function  g(t)  independent  of  x  so 
that  the  proof  in  the  preceding  paragraph  will  not  hold;  however,  it  is 
evident  that  whenever  the  integral  equation  (2.6)  has  convergent  iterative 


yM 


solutions 


<  c  j  no  •  n  j  iq  ■  ■  c  !  J  ;  ;  *W 


' 


ib(j)a(3)  a  +  »b(i)s(j),a(s»*)aja  =  (*)a  (si  .s) 


,  b  »  >g  1  Hup  abfcj-f  (2/  .S'  noi  is  H  .  v  +  (;  ■  '  w 


'J  .•  3  ■ 


f 


21  ii>  ■  )  .  ii’i  '  7  •:  ••••••»-.  .  V  -  ,  i  ■■)'  r«  .i  v  I 


sxb 


■ 


i  C  ••  00  I  ff  .  )  .t  '  .  V  •  :*.bj  r  » 


.  - 
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where 


yJx)  = 


fl2(x)  +  f21(x) 


ynM 


X. 


gl2(x,t)F1(t)yn_1(t)dt  + 

J  82l(X,t)F2(t)yn-1(t)dt, 


n  —  lj  2>  . , .  f 


then  E(x)  ,  from  (2.12)  is  that  solution  of  (2.6)  for  which  W(Y^(x^),y(x^))  =  0 

and  W(Yg(x2),y(x2))  =  0,  i.e.  yQ  =  0  and  hence  yn(x)  =0,  n  =  1,  2,  . . .  , 

giving  y(x)  =  E(x)  =  0,  or  +  F(x)y  =  0,  as  before. 

dx2 

The  next  three  lemmas  deal  with  conditions  under  vrtiich  Volterra 
integral  equations  have  convergent  iterative  solutions.  Lemma  2,3  is  well 
known  but  lemmas  2,k  and  2,5  are  rather  specialised  and  are  probably  new. 


Lemma  2.3 


The  Volterra  integral  equation 


(2.13) 


y(x)  =  f(x)  +  J  K(x,t)y(t)dt 


where  f(x)  and  K(x,t)  are  measurable  functions  of  their  variables  and 


(2.14) 

(2.15) 

where  q(x)(^  0) 
g  e  L(a,b),  G(x) 

(2.16) 


I f  (x)  |  <  q(x)  ,  x  e  (a,b) 

|k(x, t )qt ) |  <  q(x)g(t )  ,  t  €  (a,x) 

is  a  measurable  almost  everywhere  finite  function  and 

=  f  g(t)dt  ,  then  (2.13)  has  a  solution 
J  a 

00 

y(x)  =  ^  yn(x) 


n=0 


where 


I 


:•  r 


(0  *  (x)  -  (x  y  iJtvig 

Io'  i  or  i  '  i  )  d  t.m  ,1  n  niT 


. 


' 
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yQ(x)  =  f(x) 


yn(x)  =  J  K(x,t)yn_1(t)dt  ,  n  =  1,  2,  ...  , 


and,  for  almost  all  x  , 


(2.17) 

(2.18) 

(2.19) 

and  in  particular 

(2.20) 


|ynWI  <  nW 


(g(x) )n 


n. 


n  —  I*  2,  ...  , 


|y(x)  |  <  q(x)  exp(G(x)) 

N-l 


|y(x)  -  ^  ynWI  <  ^(x)  -^T^-  exp(G(x)) 


n=0 


|y(x)  -  f(x)|  <  q(x)G(x)  exp(G(x))  . 


Also  y(x)  is  the  only  solution  to  (2,15),  This  result  is  Theorem  1 
of  Erdelyi's  work  [24] # 


Proof 

Inequality  (2.17)  will  be  proved  by  induction.  The  function 

f(x)  is  measurable  and  (2.I7)  holds  by  hypothesis  for  n  =  0.  If 

y  ,(x)  is  measurable  and 
•'n-l'  ' 

vn-l 


then 


lyn-l(x)l  1 

|yn(*)l  <  J  |K(x>t)h(t)  —  dt 

Ql 

<  ,(x)/aX  8(C)  at 

-  ,W  ^ 


I-W 


>  I  >•’  -  (  '  v| 
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and  (2.17)  holds  for  all  n  and  hence  (2.18)  is  true.  From  (2.15)>  (2.18) 
and  the  Lebesgue  dominated  convergence  theorem  we  may  let  N  -*  00  in  the 


equation 


N 


N-l 


^  yn(x)  =  f(x)  +  J  K(x,t)  ^  yn(t)dt 


n=0 

00 


n=0 


so 


that  y(x)  =  yn(x)  is  a  solution  of  (2,13) 


n=0 


To  prove  (2.19)  we  use 


1  1 
n.'  -  N.'(n-N).' 


so  that 


N-l  00  00  00 

V1  ,  ~  V  T  Gn  gN  V  Gn-N 

-  L  yn'  -  Vy L  n  =r  *  ”  ST  L  TZ=s ): 


n=0 


n=N 


n=N 


n=N 


=  r)  e 


G  G 
N 


N 


1  • 


The  uniqueness  may  be  proved  by  observing  that  if  z(x)  is  the 
difference  of  two  solutions  to  (2. 13)  then 


z(x)  =  /  K(x,t)z(t)dt 

J  a 


and  if  Z(x)  =  z(x)/q(x)  then 


and 


Z(x)  =  J  K(x,t)^  Z(t)dt 
|z(x)|  <  J  g(  t )  | Z( t )  | dt 


<  e  +  /  g(t) I z( t ) I dt  for  every  e  >  0 

J  a 


and  hence  from  Gronwall's  lemma  Z(x)  =  0,  i.e.  z(x)  =  0. 


r$I  y  vs  ow  os*  'voc  i®v  ;oo  bedanlr  c  b  *:->;<  >d«  I  srto  bn.B 


a  t;  .£  ’  9vc  1  ■  oT 


> 


19 


In  some  cases  when  no  suitable  function  g  €  L(a,b)  exists 
we  will  need  lemmas  2.4  and  2.5. 

Lemma  2.4 

If  y  satisfies  a  Volterra  integral  equation 

(2.21)  y(x)  =  f(x)  +  I*  K(x,t)y(t)dt 

J  o 

where  f(x)  and  K(x,t)  are  measurable  functions  of  their  variables  and 
r|(x)  is  measurable  and  finite  almost  everywhere  such  that 


(2.22) 

1 f (x) |  <  q(x)  , 

and 

0  !  ^IJL-l 

(2.23) 

|k(x,  t)rj(t)  I 

<  n(x)M(t  +  -  )  , 

X 

5  >  0,  [i 

1  x5 

>  M  and  77-  >  —  , 

2| 1  5  y 

then 

00 

(2.24) 

y(x)  =  2, 

y  (x)  where  y  are  defined  as  in  lemma 

n  '  n 

n=0 

2.5  and 

(2.25) 

|y  (x 
un' 

)l  <  ^i(x)  (jj) 

(2.26) 

|y(*) 

1  <  n(x)  ^  M  • 

The  proof  is  very  like  that  of  lemma  2.5  and  is  outlined  below 

Proof 


Inequality  (2.25)  holds  for  n  =  0  by  hypothesis.  If 

|yn_i(x)l  <  n(x)  (jj) 


then 


•  -  aw 


vl 
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|yn(x) 


M  X 


K(x,t)yn_1(t)dt | 


o 

n-1  o  x 


<  (jj)  J  |K(x,t)n(t)|dt 

n-l  f,  x  .2[i-l 

<  n(x)  (“)  M  /  (t5"  +  ~2ll  )dt 

^  ^  o  x 

M  n_1  i v8  1 

=  nto  (“)  “(5-  +  gr  ) 


<  nM  (”) 


n 


so  that  (2.25)  holds  for  all  n  ,  The  rest  of  the  proof  is  the  same  as  in 
lemma  2.5, 


Lemma  2,5 


The  integral  equation 


(2.27) 


n  00 

y(x)  =  f(x)  +  /  K(x, t)t(t)dt, 

J  v 


where  f  and  K  are  measurable  and 


(2.28) 


|f(x)|  <  n(x) 


(2.29) 


|K(x,t)T)(t)|  <  n(x)  -$■  exp(2a(x-t))  , 


7  >  0,  a  >  M  and  2a  <  yy?  and  r)(x)  is  measurable  and  finite  almost 
everywhere,  has  a  solution 


00 


(2.30) 


(2.31) 


yM  =  ^  yn(x)  ,  y^  as  before,  and 


n=0 


|yn(*)l  <  (5)  i00 
|y(*)l  1  sttm  ‘1m 


(2.32) 


x  ,  J  -n 


. 


oi  u 


brm  £> I  da TjM  a  .  9  .  ‘i  I  >na 


J,  ) 
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The  proof  is  identical  with  that  of  lemma  2.4. 

§2.2  Solutions  to  the  Radial  SchrcSdinger  Equations 

We  now  use  lemmas  2,2  and  2.5  to  establish  the  existence  of 
certain  solutions  to  the  radial  Schrodinger  equation. 


(2.33) 


p  p  <j^ 

^  +  (k2  -  ”  V(x))y  =  0,  0  <  x  <  oo  f 


dx* 


where  A  and  k  are  complex  parameters  and  V(x)  is  continuous  such  that 

r,  R>0 

o 


(2.3*0 


J  t  |v(  t)  |  dt  <  oo 


(2.35) 


r.  00 


R 


| V(  t )  |  dt  <  oo  # 


Theorem  2. 1 

The  equation  (2.33)  has  two  linearly  independent  solutions 


F(l)U,k>  x) 

and  F^2^(A,k;  x 

(2.36) 

F(l)(x)  = 

(2.37) 

F(2)(x)  =  (^ f 

(2.38) 

^F(1)(k)  =  i( 

and 

(2.39) 


Jt 


|x  F^(x)  =  -i(^)2  e ~ 1  ^ kX_2 ^ ^ ( 1  +  o(Z(x))),  link  <  0, 


as  x  — ►  oo 


E(x)  =  max  ,  J  |v( t)  |dt]  . 


where 


' 
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Corollary 


The  free  (V  =  0)  Schrfcdinger  equation  has  solutions 

F^^(x)  =  x2H^^(kx)  and  F^^(x)  =  x2H^^^(kx) 


whose  behaviour  as  x  -*  oo  is  given  by  (2.3 6)  -  (2.39). 
the  Hankel  functions. 


(1,2) 


are 


Proof; 


Let 


and 


F(x)  =  ks  -  -  V(x) 


Fx(x)  =  F2(x)  =  AS~1/4  +  V(x) 


in  lemma  2.2.  Equation  (2.5)  is  then  the  radial  Schrodinger  equation  and 
equations  (2.3)  and  (2.4)  are  both 


df Y 

dx2 


+  k2Y  =  0  . 


We  may  take  Y^(x)  =  e*kx  and  Yg(x)  =  e  so  that  W(Y^,  Y^)  = 

and  if  x^  =  x^  =  00  the  integral  equation  (2.6)  reads 


=  -2ik 


(2.40) 


/  \  a  ikx  _  -ikx 

y(x)  =  Ae  +  Be  + 


~f  Sin  [k(  t-x)  ]  (^—^^  +  V(t))y(t)dt 
J  x  t2 


where  A  and  B  are  arbitrary  constants.  Particular  cases  are 


(2.4l)  F^\x)  =  (|_)2e1^kx"2>'5t“Jt-/l4'^ 

KJt 


Sin  [k(t-x)](^-=-^  +  V(t))F^(t)dt 
J  x  t2 


and 


3  mt  9^3  »  *  *=  *  IJt  bn* 


bn* 
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(2.42)  F(2)(X)  =  (|[)2e-i(kx-^«-«A) 


+  [  Sir(k(t-x)](^i^  +  V(t))F^2\t)dt 

j  x  t2 


To  apply  lemma  2.3  to  equation  (2.4l)  we  note  that 

f(x)  =  (S-)*  ei(kx-iAn-,tA) 

wt 


K(x, t)  =  ^Sin [k( t-x ) ] (- +  v(t)). 


We  may  take  rj(x)  =  |—  |  e 


2  |2  -Im(kx-i^jt) 


so  that 


|K(x, t)q(t) |  <  q(x)g(t)  , 


Imk  >  0 


where 


g( t )  =  -p-y  1^  +  V(t)  | 


and  the  results  of  lemma  2,3  apply  when  Imk  >  0  ,  and  x  e  (R,  °°),  R  >  0. 
In  particular,  from  (2.20), 

F ^ 1  ^ (x)  =  (—■)  e1(kx“2>v5t»Jt/4)(i  +  o(z(x))),  Imk  >  0 


and  similarly 


F^(x) 


(™)  e"1(kx“2>^-TC/A)(i  +  q(e(x))),  Imk  <  0, 


as  x  — >  oo# 


From  (2.41) 

k»(l)<*)  =  i(%)2ci(kx-^-«A)  .  f°°  cos[k(t-x)]( 


A-iA 


+  V(t))F^1^(t)dt 


X 


X 

=  i(— )  e1(kx“*2 Ajt-Jt/4)(i  +  0(2(x)))>  Imk  >  0 


and  from  (2.42) 


:  s) 


.  : 
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1 

~  F^(x)  =  -i(^)  +  0(Z(x))),  Imk  <  0 


as  x  -*  oo# 


That  F^^  and  F^2  ^  are  linearly  independent  (k  0)  can 
be  seen  from  W(F^^,  F^2^)  =  t”  ^  0  .  The  only  values  of  k  for  which 
we  have  established  the  existence  of  both  solutions  are  Imk  =  0  . 

Theorem  2.2 

The  radial  Schr'ddinger  equation  (2.33)  has  two  linearly  independent 
solutions  cp(A,kj  x)  and  qp( -A , kj  x)  with  the  asymptotic  behaviour 

,A  -1  ,  i 

(2.43)  <p(A,k)  X)  =  (|)  (r(A+l))  XA+2(1  +  0(B(x))),  ReA  >  0, 


and 

(2.44) 

where 


dx 


cp(A,k)  x)  = 


(A+2)(§)  (r(A+l))  1  xA"2(1  +  0(6(x))),  ReA  >  0, 

as  x  ->  0  , 


5(x)  =  max(x2; J  t|v(t)|dt)  . 


Corollary 

The  free  (V  =  0)  Schrbdinger  equation  has  two  linearly 

JL_ 

independent  solutions  cp  (+  A.k)  x)  =  x2  J  .(kx)  (A  /  0,  +1,  +2,  ...), 

o  —  +A  ' 

whose  behaviour  as  x  -»  0  is  given  by  (2,43)  and  (2.44). 


Proof; 


In  lemma  2.2  we  take 


F(x)  =  k2  -  -  V(x) 


x 


and 


-  ■  5' 


i'J5  r>.  *  ‘3.:  , 


’ 


siswfw 
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Fx(x)  =  F2(x)  =  V(x)  - 


so  that  (2.3)  and  (2.4)  are  the  same  equation 


df Y  _  A2-lA 


Y  =  0 


dx‘ 


“  "X  - 

and  we  may  take  Y^(x)  =  xA  2  ,  Y^(x)  =  x  2  and  x^  =  x^  =  0  .  We  now 
have  W(Y^,  Y^)  =  -2A  and  the  radial  Schrodinger  equation  is  equivalent  to 
the  integral  equation 


(2.45) 


u  o  x 


X 


A+I 


A- 


f  )(k2-V(t) )y(t )dt. 


A  particular  solution  is  given  by 


(2.46) 


cp(A,k)  x)  = 


(^Vca+i))'1  xA+i 


1  rx  ,tA+2 
+  2A  J  ^  A^f 

u  O  X 


Mz 


A-2 


±-  )(k2-V( t )  )cp(A, kj  t  )dt  . 


Here 


f(x)  =  (I)  (rCA+1))’1  xA+i 


and 


Let  q(x)  = 


1 

K(x't)  “  2A(^7  ' 

X 

l(^)  (r(A+l))  |xReA+2  so  that 


A+2 

a^F 


|k(x, t )r| ( t ) I  <  ri(x)g(t)  ,  ReA  >  0 


where  g(t)  =  -j—j-  |k2  -  V(t)|  and  lemma  2.3  holds  on  any  interval  (0,R), 
R  <  00  t  The  rest  of  the  proof  is  the  same  as  in  Theorem  2.1. 
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The  existence  of  both  solutions  has  been  established  only  on  the 
line  ReA  =  0. 


§2. 3  Jost  Functions 


We  now  give  a  more  precise  definition  of  the  Jost  functions 
f'  }  '(A,k)  than  that  of  Chapter  1.  In  Chapter  I  we  were  concerned 
with  a  solution  cp^(kj  x)  to  the  radial  Schrodinger  equation  which  is 
bounded  and  has  a  continuous  bounded  derivative  when  l  is  a  non-negative 
integer.  The  function  cp^  must  therefore  satisfy  the  integral  equation 
(2,45)>  A  =  i  +  J  ,  and  consideration  of  the  behaviour  of  solutions 
to  this  integral  equation  as  x  -+  0  shows  that  we  roust  have  B  =  0  and 
A  ^  0  in  this  case.  Therefore  we  may  take  cp^(k)  x)  =  cp(A,k$  x), 

A  =  i  +  i  ,  and  we  define  the  Jost  functions  and  their  continuations  to 
complex  A  and  k  by  the  relation 


(2.47)  <P(*,k5  x)  =l(f(l)(X,k)F(2)(*,k,  x)  +  f(2)(X,k)F(l)(*,k>  x)) 

(l2) 

where  F'  ’  '(x)  are  the  linearly  independent  solutions  to  (2.33)  intro- 

(l  2 ) 

duced  in  Theorem  2,1.  From  the  asymptotic  behaviour  of  F'  y  '(x)  as 
x  -*oo  we  notice  that  this  is  the  same  definition  as  that  given  by  (1.9) 
and  (l.lO).  The  free  (V  =  0)  Jost  functions  are  given  by  the  relation 


<P0(*>k}  *)  =  x)  +  F^2^(A,kj  x)) 

x^J^(kx)  *  i(xIH^1^(kx)  +  x*Hp)(kx)) 


f(l}(A,k)  =  =  1  . 


so  that 


*  '  ••• 

i<p»  &f!j  TOi^owi^  ®rfT 

’• 

' 

*  •  *  .•/ 

I  7  •'.  ••  >:  tcsM 

■'■:■■  '  •  ■  '  i  ■  •  : 

•  .  .  ■ !  ■  ,  '  d  '  arf  t-ts  (  ■  :  '  ■'  :  a :  ■ 

)  9«.  r.i.  o.  *■:  .  n.i  .  i  . *  L 

\  l)  v  1}  :,|  34f.t  lOJtJJcai  b  as  «.  i  '  3  'I  .  ii<  X 

(.  X  •  (.  ■ 
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Theorems  2,1  and  2,2  and  their  corollaries  and  the  definition 

(2.47)  allow  us  to  derive  a  number  of  expressions  for  the  Jost  functions; 

(2.48)  f(l)(A,k)  =  V(<p(x),  F^l)(x))x_  ^  Imk  >  0  , 

=  gf  W(q>(x),  F^(x)),  0  <  x  <  oo  , 

-  gf  W(q>Q(x),  F(1)(x))x=q,  ReA  >  0  . 

Similar  ly^, 

(2.49)  f(2)(X,k)  =  if  W(<p(x),  F^2)(x))x_  Ink  <  0  , 

=  ^  W(q>(x) ,  F^2'*(x)),  o  <  x  <  oo 

-  *§  W(cpo(x),  F(2)(x))x=0  ,  ReA  >  0  . 


Theorem  2, 5 

The  Jost  functions  have  the  integral  representations 


(2.50) 

f(1,2)(A,k)  = 

1  ±  “2 

[  x2V(x)H^1,2-)(kx)cp(A»k5 

J  O 

x)dx 

ReA  >  0,  Imk  >  Qf 

Imk  <  0 

(2.51) 

f^1,2^(A,k)  = 

1  ±  ~p 

1  x2¥(x)J  (kx)F^1,2^(A,k; 

x)dx 

^  V- 

'  0 

ReA  >  0,  Imk  >  0, 

Imk  <  0. 

Corollary 

From  the  Weber-Graf  circuit  relations  for  the  Hankel  functions 
and  (2,50)  we  have 


e-A«if(2) 


U»k), 


-it  <  arg  k  <  0 


(2.52) 


f(l)(A,kein) 


00  =X 


,o>«  ,w  ,((*)'•* i  (i-  )w  -  (j)«x>v  ,;i  (e^.s) 


CO 


.  0  <  /C»a  *  ,(x)o?)«  f 


f;  ,S  ma  losrfT 

anoiJftJnd£.9iQ3*i  XasgojJn.;  d/i  1  -  ^.aoii  ami'S  JsoL  arfT 


xb(x  |>i^A'}qr-(x>{)  '  ^  x  H(  x  >/ 


o 


i  ± 1 


(oe.s) 


0  >  Ami  ,0  <  Jlnil  .0  < 


xb(x  M  ■'  - 


UC.S) 


,0  >  jlrol  <0  < 


n ailosoD 


ariciJorv  i  IsJlr  i  *  >V-  ••>^3  ir=oi*i 


3Vi>ri  jw  (C^.S)  bm* 
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and 

(2.53)  f^(X,ke1,t)  =  2  cog  7w  k  real  >  0 

since  cp(^kei,t5  x)  =  q>(X,kj  x)  ein^  . 


Proof t 

Let  F(x)  =  k2  -  -  V(x) 

x2 

=  V(x) 

in  lemma  2.2.  We  may  then  take  y(x)  =  <p(A,kj  x)  and  Y^(x)  =  F^^(A,k;  x) 
x2H^  '(kx)  and  equation  (2.9)  then  reads 


fjW(<P(x),  F^OO) 


Integration  of  this  expression  from  0  to  oo  and  (2.48)  give  the  expression 
(2.50)  for  f^^(A,k),  ReA  >  0,  Imk  >  0.  The  other  results  in  Theorem  2.3 
are  proved  in  the  same  way. 


§2.4-  Analyticity  of  F^'^(A,k;  x)  and  cp(A,k;  x) 

By  direct  differentiation  with  respect  to  x  of  the  integral 
equations  (2,4-1),  (2.4-2)  and  (2.46)  we  readily  see  that  F^*^(A,kj  x) 
and  q>(A,kj  x)  each  has  the  same  regions  of  analyticity  as  its  derivative 
in  complex  A  for  fixed  k  and  x  and  in  complex  k  for  fixed  A  and 
x  and  hence,  from  the  formulae 

f(l'2W)  =  +2fw(cp(*,k5  x),  F(l’2)(?v,k,  x)) 

we  see  that  these  regions  are  also  the  regions  of  analyticity  of  the  Jost 


functions. 


)■;  -  •  -  ji 
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■  .  .•  '  '  •  " 
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Theorem  2,4 

For  fixed  A  and  x  (x  >  0)  the  functions  F'  *  '(A,k;  x) 
are  regular  analytic  functions  of  k  in  link  >  0  and  Imk  <  0 
respectively.  If  k  and  x  are  fixed  these  functions  are  entire  in  A  . 


Proof] 


From  the  integral  equation  (2.41 )  for  F^^  and  lemma  2.3  we 


see  that 


00 


F(l)(x,k;  x)  =  ^  F<1}(X,k;  x) 


(0, 


n=0 


.(1) 


where  the  F^~'  are  regular  analytic  functions  in  Imk  >  0  and  entire 
functions  of  A  and 


lF^l  <  n  ,  Imk  >  0 

1  n  1  —  '  n:  ,  — 


where 


J, 

/  x  I  2 12  -Im(kx-lArt) 

n(x)  =  lsl  « 


and 


00 


G(x)  = 


w 


l^"1^  +  V(t)|dt 


SO 


that  I  F^^  converges  uniformly  with  respect  to  A  and  k  }  k  ^  0  ,, 


Imk  >  0  and  hence  the  theorem  for  Fv  '  holds. 


(1) 


(2) 

The  theorem  for  F  '  can  be  proved  in  an  identical  manner. 


( 1  2 ) 

We  have  now  shown  that  F'  *  '(A^k;  x)  are  entire  functions  of 
A  and  regular  analytic  functions  of  k  in  0  <  arg  k  <  jt  and  -n  <  arg  k  <  0 


respectively  for  any  continuous  potential  V  such  that 


f 

J  K  >  0 


|v(t)  | dt  <  oo  , 


x)  X  b:t  0  A  baxii  10S 

' 


:  :  ■  yi  ■■  U 

3*ti  *•» 


.  • 


A  '  iol:i  w  i 


SToriw 


(S  ,  .  (  )(, 


' 


*  0  V  A  K  A  bns  A  o3  sooqasi  ri3:w  \lui  ro^  ivu  aa^uvioD  ? 


3ari3  oa 


•  i 


' 1  •  ■  ■  ' 


Li*  x  >  A  g-x*  >  0  ofc 


.  v  !  ;  J  >aq*»i 
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Froissart  [27]  and  Bottino  et  al  [12]  have  extended  the  regions  of 
analyticity  in  the  k  plane  under  extra  restrictions  on  the  potential. 
We  give  here  an  independent  proof  of  a  theorem  which  essentially  covers 
their  results. 


Theorem  2.3 

l£  x  is  considered  to  be  a  complex  variable  and  V(x)  is  a 
regular  analytic  function  in  a  wedge  - Q ~  <  arg  x  <  0O  (01  0>  0)  and 

j  Cm  J.  • 

ia  ' 


00 


if 


|v(t)|dt  is  uniformly  bounded  with  respect  to  a  then 


x  >0 
o 


( 1  g  N 

Fv  ’  ;(A,kj  x)  are  regular  analytic  functions  in  0  <  arg  kx  <  it  and 
-rt  <  arg  kx  <  0  respectively. 


Proof; 


(2.5*0 

where 

(2.55) 


Define  a  function  F^^(A,k;  x)  on  the  wedge  by 


00 


F^CXjkj  x)  =  ^  F^}(A,k;  x) 


n=0 


x)  =  (-£)  e1(kx-2^-"A) 


and 


(2.56) 


x) 


i 


ooe 


iargx 


Sinlk(t-x)](^i^  +  V(t))F^_)1U,k,t)dt. 


,(D 


Each  F*"/  is  an  entire  function  of  A  and  a  regular  analytic 


function  of  k  in  0  <  arg  kx  <  «,  and  by  induction 


<  n  ,  o  <  arg  kx  <  «,  n  =  0,  1,  2,  ...  , 


so  that 


,  .  I i  \  »i  3 


. 


°V  0 


>  ti  »J  • 

*■  ■  <  ■  ••• 


;  C  ( 1 


■  J  . 

(x  ll,*  {  -  (xti  /3  ;i 


■>  (  •  /(•••  !  i-  ;  . 


; 

* 

;  ;  1 


' 

' 
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If 


(i) 


<  T|  exp(G),  0  <  arg  kx  <  *  , 


where 


,_2,a  -Im(kx-TAx) 
"  'kn 1 


and 


iargx 


G(x)  =  w/x°°e  ^  +v(t)l  |dt|- 


The  function  F.jj.^(A,k;  x)  is  thus  a  regular  analytic  function  of  k 
(fixed  A  and  x  )  in  0  <  arg  kx  <  k  .  When  x  is  real 


and  F 


(1)  =  f(D 


*n 

We  will  now  show  that  F^^  is  a  regular  analytic 


*  —  - -  - - 

function  of  x  (fixed  A  and  k)  in  the  wedge  and  thus  gives  the 


analytic  continuation  of  F 


(1) 


in  x  . 


By  definition  F^^(A,kj  x)  is  a  regular  function  of  x  in  the 
wedge  - 9 n  <  arg  x  <  .  If  F^^  (A,kj  x)  is  regular  in  the  wedge 

then  F^^(A,kj  x)  is  also  a  regular  function  of  x  there  if  the  integral 
in  (2.5 6)  is  independent  of  the  way  the  contour  goes  to  infinity  inside 


the  wedge. 


Consider 


i  J  f  _  Sin[k(t-x)](2£=^  +  V(t))P^1(X,k;  t)dt 


C(x,R)  t‘ 

where  C(x,R)  . is  given  in  Figure  1.  Under  the  stated  conditions  on  the 
potential  and  since 


.(1) 


,n-l 


*n 


;  l  u 

-i  1  1  ^  T-D: 


we  have 


|R|eiar®X 


-*■ 0  as  R  — ►  oo  and  hence,  by  Cauchy's  theorem, 


-j 


*» 


! 


*|E  |  , 

,|ib|  f ( 3 ) V  +  ^  «  (*  > 

■  "  •  '  ‘ 

•*  i  ■  r  '  > 

,  x  nt  ^.l;H  1  (XQljuanXjnoo  9l3\i*nU 

'■  '•  '  •  ■  ’  •  '  ^  ‘  -  - . .  "  3  ^  '  J  1  '  ^ 

. 

•  .  '  *'-•■:  {  ■  rti 


£J 

J  ’  :'•  1  .  *  •>-  ;  t  ■  ax  ■  Mtx)0  *?»rfw 

■  '  *• 
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A  Ret  =  0 


Imt 


=  0 


Figure  1.  The  Contour  C(x,R)  in  the  t-plane. 


iargx 


P  OOe  o 

J  v  d  C 


,(i) 


C(x) 


if  F^n ' ^  is  a  regular  function  of  x  in  the  wedge 


so  that 


F^O^k)  x)  =  £  [  Sin[k(t-x)](^i^t  +  V(t)F^^(?v,k,  t)dt 


C(x) 

where  C(x)  is  the  contour  (x,  |x|,  oo)  or  any  contour  which  joins  x 

to  oo  #  is  t^lus  a  regular  analytic  function  of  x,  -9^  <  arg  x  <  6^  > 

n  =  0,  l,  2,  ...  ,  which  implies  that  F^^  is  regular  there  since 

^  F^^  converges  uniformly  with  respect  to  x  .  x)  is  thus 

the  analytic  continuation  of  TF^^(A,kjx)  in  -0,  <  arg  x  <  since 

r(D_p(l)  - 


0  on  the  real  line. 


t  v 

1-1  (x)DV> 


> 


1*1  I  •  ■ 
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We  have  shown  that  F^^Ajkj  x)  is  an  entire  function  of  A 

and  a  regular  analytic  function  of  k  ,  0  <  arg  kx  <  it  ,  -9^  <  arg  x  <  0^. 

(2 ) 

The  result  for  F'  '(A,k$  x)  can  be  proved  in  the  same  way. 

It  seems  to  be  difficult  to  use  the  classical  cases  of  lemma  2.2 
to  extend  the  regions  of  analyticity  in  k  of  F'  *  /(A,kj  x)  from  those 
of  Theorem  2,4  without  assuming  conditions  of  analyticity  on  the  potential 
similar  to  those  of  Theorem  2.5.  In  what  follows  we  will  use  two  'comparison1 
equations  (2.5)  and  (2.4)  instead  of  one  to  construct  an  integral  equation 

which  gives  solutions  to  the  Schrodinger  equation.  In  addition  to  continuity 

r  00 

of  V(x)  and  instead  of  /  |v(t)|dt  <  00  we  will  assume  the  slightly 

^  R  >  0 

stronger  condition 


|v(x) 1  < 


,  y  >  0  for  x  >  R  >  0  . 


Before  proving  the  next  theorem  we  note  that  the  differential 


equation 


dfY 

dx2 


+  (k2  +  p 


2  -2ax 


)Y  =  0 


has  a  pair  of  solutions  J  ik.  (”  e  °°X)  where  J  is  a  Bessel  function. 

-  “CC  a 

This  can  be  proved  by  making  the  obvious  substitutions  in  Bessel's  equation, 


Theorem  2,6 

c 

For  any  continuous  potential  V(x)  such  that  |v(x)|  <  — r —  , 

x  *7 

(l  2 ) 

y  >  0  ,  for  x  >  R  >  0,  the  functions  F'  *  '(A,kj  x)  are  regular  analytic 
functions  throughout  the  k-plane  cut  from  0  to  00  with  the  possible 
exception  of  singular  points  in  -ji  <  arg  k  <  0  and  0  <  arg  k  <  n 
respectively. 


3tc  ac  >r  ‘  l  rr  i  (  {A ,/ 


.YBW  am&a.  nl  bavo^q  >d  nea  (c  Jit') 


,Q  >J  -I  o  .•  9nJ  t  .  •  :  7 

If  '.i;  c  •  J  a.i  a  no  /  o  ?"  'c  i  i  rt  riT  3 


j  :  ->3  €>:  <  fh  i  :  oti.  .•-> 

t  *  •  •  i  •  -  1  v '  w  if  v  • 


•  .  /  lot-  1  •  ■  ••  1  1; 


;■?  o  o  d 


•  *  •  v  /. 


,(1,2) 


Proof; 

That  no  singular  points  of  can  occur  in  0  <  arg  k  <  it 
and  -n  <  arg  <  0  respectively  is  Theorem  2.4.  To  prove  analyticity  in 
the  rest  of  the  k-plane  let 


f(x)  =  k2  -  _  V(x) 


x 


F  (x)  =  A-} A  +  V(x) 

1  2 


and 


F0(x)  =  ~ ' ~ ^  +  V(x)  +  k2e‘ 


2ax 


in  lemma  2.2.  We  may  then  take 


V*)  = 


-ikx 


and 


-ik 


*2(x) 


k  -ax 


n/ik  kN  a  _  ,k 

+1^s5)  Jik(S  * 


) 


a 


An  integral  equation  which  gives  a  solution  to  the  SchrSdinger  equation 
is  then  given  by  (2.6)  with  x^  =  Xg  =  00 


(2.57) 


where 


and 


f(x)  = 


P  00 

y(x)  =  f(x)  -  /  K(x,t)y(t)dt 

v  X 

Yg(x)[W(Y1(x),y(x)^=  -  Y1(x)[W(Y2(x),y(x))x=  M] 

W(Y1(x),  Yg(x) ) 


Y2(x)Y1(t)F1(t)  -  Y^xjY^OF^t) 

K(x’t}  = - wrv^rr^u - 


If  a  >  o  then,  as  x  -m»  , 

Y2(x)  =  e-lkX(l+0(e-2aX)) 


.*  >  3^*  > 


•!  ' 


.1 
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and 

|jY2(x)  =  -ike-ikx(l  +  0(e-2Q*)) 

so  that  W(Yl(x),  Y2(x))x=  m  =  0  .  Thus  we  must  have  w(Y1(x),  y(x))x= 

=  W(Yg(x),  y(x))x_  ^  so  that  specification  of  these  two  Wronskians  merely 
gives  one  boundary  condition  on  y  .  We  therefore  see  that  equation 
(2.57)  only  gives  two  solutions  (to  within  a  multiplie)  to  the  Schrodinger 
equation;  one  when  W(Y.  0(x),  y(x))  _  =0,  i.e.  the  trivial  solution 

1  y  C  X—  00 

y  =  0  and  the  other  when  W(Yn  0(x),  y(x))  _  ~  c  ^  0  .  We  will 

X  y  k  X=  00 

investigate  the  latter  case  and  take  W(Y^  2(x),  y(x))x_  ^  =  1  so  that 


f(x) 


Y2(x)  -  Yl(x) 
W(Y1(x),  Y2(x)) 


00 


ikx  . 

e  n=l 


1  <-‘>"v 


-2n<xx 


00 


I  (-1} 


n+1-  -2n<xx 

2ana  e 
n 


n=l 


1  ikx/,  _/  -2axu  , 

-  2a  ^  (1  +  0(e  as  x  ->  oo  and 


K(x,t) 


00 


00 


=  e 


)  (-l)na  (e-2n0W!-e-2nat)(^i^  +  V(t))  +  >  (-l)n+1a  V 

Lj  n  t2  U  n 

ik(x,t)  n=l _ 


n=0 


00 


l  <-■) 


n+1  -2nax 

2ana  e 
n 


n=l 


=  ^  eik(x-t)|(e2a(x-t)-l)(^i^  +  V(t))(l  +  0(e"2aX) ) 


ig  e2a(x-t)(l  +  0(e-2ax)}j.  , 


as  x  — >  °° 


-(2n+2)dt 


•.  -  -s 


*>’**  +  ((^V  +  i^)("nS-9i.IM,nS-»)0,n(i-)  • 
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k  2n  1 

where  a  =  (?r-)  lri/ik  .  The  functions  f  and  K  are 

n  2a/  n.'r(-—  +  n  +  1) 

U/ 

analytic  in  k  and  if  we  restrict  ourselves  away  from  singularities  the 
bounds  implied  by  the  Hardy  0‘s  are  uniform  in  a  and  k  ,  We  may  then 
write 

|f(x)l  <  t)00 

and 

|K(x,  t )n( t )  |  <  Ti(x)g(t) 


uniformly  with  respect  to  a  and  k  where 


f|(s)  =  Ne-(lnk)] 


and 


g(t) 


= 


+  e 


2a(x-t) 


}• 


7  >  0  . 


If  we  choose  a  >  M  and  take  x  large  enough  to  ensure  yx'  >  2a  in 
order  that  lemma  2.5  holds  and 


00 


y(x)  =  ^  yn(x) 


n=0 


where 


and 


|yn(*>  [  <  (|)  n(x) 

|WX)I  i  3^5  n(x)  • 


Each  yn  is  an  analytic  function  of  k  throughout  the  k-plane  cut  as 


00 


described  and 


X  yn 


converges  uniformly  with  respect  to  k  in  regions 


n=0 


<y 

of  regularity  so  that  y(x)  is  an  analytic  function  of  k  when  ?x'  >  2a 

/00  ^  ^ 

K(x,t)  Yfai 


dt. 


' 


/’  a9rlB 


■  •  • 


l  rioeS 


t  a  b3dl*x9B9b 


:  j  c  xil’ifiitfuai  lo 
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We  therefore  have  the  result  that  y(x)  is  an  analytic 

y 

function  of  k  throughout  the  cut  k-plane  if  yx  >  2a  and  there 
are  possible  singularities  when  f(x)  or  J  K(x,t)  ^ dt  is 


singular. 


To  identify  the  solution  y(x)  which  may  be  written 
y(x)  =  c1(7v,k)F^1^(A,kj  x)  +  c2(A,k)F^(A,k;  x) 

we  consider  its  hehaviour  as  x  — » oo  #  From  (2.57)  an<*  lemma  2.5 


ikx. 


where 


y(x)  =  -  eXK^(l  +  e(x)),  when  0  <  arg  k  <  «  ,  say, 

i  /  \  i  M/  a  v  ,Pa» 

|e(x)  J  <  -(— ^),  x  >  (— )  ,  so  that  from  Theorem  2.1  , 

etft,k)  =  -  £  (i|)l/2  ^  + 


and 


c2(A,k)  =  0  . 


( 1 )  y 

Thus  we  have  proved  the  theorem  for  F'  ;(A,kj  x)  when  yx'  >  2a 

extend  the  result  to  0  <  x  <  oo  we  note  that 

x 

F^(x)  =  g(x)  +  f  H(x,t)F^(t)dt 

J  v 


To 


where 


and 


g(x)  =  2lk  te“lk*W(F(l)(xo),e  °)  -  elkxw(F^  1\xQ),e  °)) 


H(x,t)  =  ^Sin[k(t-x) j(A  +  V(t)) 


If  xq  <  oo  the  iterated  solution  to  this  integral  equation  converges 
uniformly  with  respect  to  k  in  any  region  in  the  k-plane  which  is  free 


uarfJ  a  rt  ®7c  otf 


(«  j.i.a]  :  o,  +  (;  <■  «*)  -(  -•  =  (*)t 

„  w«~  <  B  v  ^  M«  £f3d  « 31  MblafTOO  9W 
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of  singularities  of  g(x).  Thus  F'  '(x)  has  the  same  singularities  in 
the  k-plane  as  F^^(x  )  ,  xq  >  x  .  We  have  shown  that  the  singularities 
of  F^^(A,k;  x)  in  the  k-plane  are  independent  of  x  so  that  without 
loss  of  generality  we  may  say  that  the  only  possible  singularities  of 

F^^(A,k;  x)  are  those  of  f(xQ)  and  f  K(xQ,t)  dt.  However, 

J  x  'o' 

o 

the  singularities  of  f(xQ)  are  functions  of  a  which  is  arbitrary  so  that 
the  integral  gives  the  only  possible  singularities.  It  should  be  noted 
that  the  singular  points  are  not  necessarily  isolated. 


(2), 


The  theorem  for  F''"'(A,kj  x)  can  be  proved  by  taking 

-ik 

..  /  %  ikx  .  „  /  N  „/-ik  .  wk\  a 

Yx(x)  =  e 


and  Y2(x)  =  P(~  +  1)(|) 


J  e  ax)  and  proceeding 


a 


as  before. 


We  now  turn  our  attention  to  the  analyticity  of  cp(A,k$  x)  . 

Since  the  theorems  on  the  analyticity  in  >,  of  cp  are  very  similar  to 

(l  2 ) 

the  theorems  on  analyticity  in  k  of  F'  ’  '  we  will  omit  most  of  the 
details  of  the  proofs. 


Theorem  2,7 

The  cp(A,kj  x)  is  regular  analytic  in  ReA  >  0  (fixed  k,  x) 


and  (-r)  cp(X,k$  x)  is  an  entire  function  of  k  (fixed  x,  ~K)  for  any 

r  R  >  0 

continuous  potential  V  such  that  /  tjv(t)|dt  <  00  e 

J  o 


This  theorem  can  be  proved  using  the  integral  equation  (2.46) 
with  Tj (x )  and  g(t)  as  in  Theorem  2,2  so  that 

•  ■  z  * 

n=0 


■ 


39 


where  each  cpn  is  regular  analytic  in  ReA  >  0  and  (^)  cp^  is 


entire  in  k  and 


l<J>  Ml  <  nM 


n; 


,  ReA  >  0  , 


where 


n(»)  =  |(|)\r(xn))'l|  *ReA+* 


and 

G(x)  =  i|j  J  t|k2  -  V(t)|  dt 

giving  the  uniform  convergence  of  the  series. 


The  continuation  of  cp(A,kj  x)  to  ReA  <0  is  of  the  same 
order  of  difficulty  as  the  continuation  of  F'  9  '(A,k$  x)  to  Imk  <  0 
and  Imk  >  0  respectively.  The  problem  has  been  solved  when,  in 

rR 

addition  to  /  t-  |v(t)|dt  <  co  ,  V(x)  is  an  analytic  function  of 
J  o 

complex  x  in  a  neighbourhood  of  x  =  0  by  Froissart  [27]  and  special 
cases  have  been  considered  by  Challifour  and  Eden  [18],  Cheng  [19], 
Mandelstam  [J2]  and  Squires  [42]  and  many  others.  The  only  study  of  non- 
analytic  potentials  before  ours  seems  to  be  that  of  Newton  [35]  who 
showed  that  if  xV(x)  is  m  times  differentiable  at  x  =  0  then 
cp(A,k)  x)  is  regular  analytic  in  ReA  >  -  except  for  possible 

poles  at  A  =  -  n  =  1,  2,  . . .  . 

Before  presenting  our  results  for  non-analytic  potentials  we 
introduce  a  contour  integral  technique  like  that  of  Theorem  2.5  for 
analytic  V(x)  with  possible  branch  points  at  x  =  0  such  that 
V(xe^a,t)  =  V(x)  where  a  is  some  positive  real  number.  We  have  bean 
able  to  develop  this  technique  to  deal  with  potentials  V(x)  =  ^  v^(x) 


baa  0  <  ■  *;>  '  i  <  t  919  • 


<  0  <  / 


. 


■  :  3 


:  ,  *  )  '  a 

:  >  li  I:  b  ia  no 


■ 


,  9  lO  \  !  bna  (S4i]  89llljJ  >2  ;;  [  b  .  :  J 


Ot\w  ']  j  o  d  ..jj  I  c  «  on  p/s:  i  ••  i  :s  c  Did^iat  « 


:  0  =  -:0  / 


■  >  s  #r  3d  lie*. 


ho 


where  v  (xe^^^)  =  vn(x)  an<*  potentials  with  logarithmic  branch  points 

at  the  origin,  i.e.  vn(xe  n  )  =  vn(x)  +  cr  . 

We  give  only  the  simple  case  to  give  some  idea  of  the  method. 

Theorem  2.8 

If  V(x)  is  an  analytic  function  of  the  complex  variable  x  near 
x  =  0  and  has  a  branch  point  at  x  =  0  such  that  V(xeia,t)  =  V(x)  and 

also  /  1 1 V ( t )  |  |dt|  is  bounded  uniformly  for  all  x  ,  0  <  arg  x  <  arc  , 

J  o 

in  a  closed  neighbourhood  of  x  =  0  ,  the  integral  being  along  the  line 
segment  (0,x)  ,  then  cp(A,k5  x)  is  an  analytic  function  of  A  throughout 
the  A-plane  with  possible  singularities  at  A  =  -  s  -  J  ,  s  =  1,  2,  ...  , 

Ov 

where  m  is  an  integer  such  that  —  <  s  +  i  , 

CL 


Proof t 


The  analytic  continuation  of  cp  to  complex  x  can  be  given  by 


00 


*  -  I 


where 


n=0 


<PQ(=0  =  (l/W+1))-1  , 


and 


9n(x)  =  f  K(x^t)cpn_1(t)dt, 


ReA  >  0,  n  ss  1,  2,  ...  , 


the  integral  being  along  the  line  segment  (0,x)  and 


l  t-^+2  vA+2 

'  -T3  )  (k2-  v(t))  • 

X  L 


By  induction  on  n 


cp  (xeiow)  =  eia«0'+n+2  )<p  (x) 

Tn'  '  Yn '  7 


■ 


.  boril'.m  an  bi  s  10a  oy  c  l  >  >:■■■■■  •  V  -  »»i|  s''1 


. 

(  :9>c)V  :  1:  i!ot  0  * 

■ 


.  .  -  '  !  - 
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Hence  by  Cauchy's  Theorem  we  may  define 

^n^  “  i  _  eicw(^+n+2  ) 

where  y(x)  is  the  circular  arc  |t|  = 
as  in  Figure  2. 


cp^  recursively  by 

K(x,t)cpn_1(t)dt 

|x|,  arg  x  <  arg  t  <  arg  x  +  a*t 


Since  y(x)  does  not  pass  through  the  origin  the  restriction 

ReA  >0  is  no  longer  necessary  and  the  <p  are  analytic  functions  regular 

n  .  /,  a  \ 

everywhere  with  the  exception  of  the  zeros  of  J|  (l  -  e1(Xlt'  +S+2').  By 

induction  S_^ 

,  %  n(*)(c (x))n 

X  ~  jj  |i  gia«(X+s+i)| 

S  =  1 


where 

2  r  0+Q«Jt  , 

=  |~|  J  |  k2  -  V(  |x  |eiC^)  |dcp  ,  0  =  arg  x  , 
2  r 

=  l\l  J  |k2  -  v(  |x|e1<p)  |<kp  , 


G(x) 


■ 


•  •  )- 


I 

fl,  /  .  /  , 


3.  r  s  t  ,Kjv  i  >v* 
v  , 
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by  the  periodicity  of  V  in  6  so  that 

G(x)  =  G(|x|)  . 


From  the  integrability  condition  on  |xV(x)|  we  must  have 

|x|2|ks  -  V(x)  |  -*  0  as  |x|  -♦  0  so  that  G(|x|)  -*0  as  |x|  -*  0  , 

and  in  particular  we  can  choose  |x|  sufficiently  small  to  ensure  the 

uniform  convergence  with  respect  to  X  of  ^  cp^  in  regions  which  do 

A  n=0 

not  contain  zeros  of  (l  -  ei*(^+s+2))^  s  =  1,  2,  ...  ,  i.e. 


•v  /  2m  i  2rn  i. 

*“£<  s  +  *• 


2m 


In  the  following  theorem  the  integrability  condition  on  the 
potential  is  replaced  by  the  slightly  stronger  condition  | V(x ) |  <  / 

yrz 

b  >  0  ,  0<x<x  ,  We  will  also  have  occasion  to  use  the  fact  that 

—  o 

the  equation 


dfY 

dx2 


has  a  pair  of  solutions 


(ifiLdt  +  p^-2)y 

X2 


0 


Theorem  2.9 

For  any  continuous  potential  V(x)  such  that 


|v(x) | 


> 


5  >  0,  0  <  x  <  R  ,  the  function  cp(?v,k;  x)  is  regular  analytic 
throughout  the  X-plane  except  for  possible  singularities  in  ReA  <  0. 

The  proof  of  this  theorem  is  very  like  that  of  Theorem  2.6,  Let 


F(x)  -  k2  -  .  V(x) 

x2 

F1(x)  =  V(x)  -  k2 


•  yd 


. 

■ 

,  ,  ;  '‘3 

,  i  ■ 

'  '  ■ 

•!  »■"  »  -  I  H  ’2  i:. 


> •  I?  « i  F 


' 


••  ■  ' 

:  •  l-  .  •  *  °1 

. 

0  «.  y(;  l  -  ;*)  t* 

-t  *  '  «tj  i  ,  .■  H 

’ 


.  .  ■  ;  -.1 


and 

We  may  take 

and 

so  that 

and 

Taking  x^  = 
equation  for 

where 


and 


F2(x)  =  V(x)  -  k2  -  Asx2ti'2  . 


Yt(x)  =  x 


-A +2 


Y2(x) 


r(--  +  x  j  (i^) 

v  |i  /v2|i/  -Av  \1  ' 


V2(x)  =  «_X*(l  +  0(x2)) 


Yg(x)  =  (-A+i)x"X+2(l  +  0(x2))  ,  as  x  — *  0  . 


*2  =  0  we  proceed  as  in  Theorem  2.6  and  get  an  integral 
y  y  a  solution  to  the  radial  Schrodinger  equation; 


y(x)  =  f(x)  +  /  K(x,t)y(t)dt 

J  o 


f(x)  = 


Y2(x)  -  Yt(x) 
w(Y1(x),Y2(x) 


gj  +  0(x2) ), 


as  x  ->  0 


K(x, t)  = 


Y  (x)Y  (t)F  (t)  -  Y  (x)Y  (t)F  (t) 

w(y1(x),y2(xT5 


1  f  t-  2v- 

=  h  fS  i(l  -  &  )(V(t)-k2)(l  +  0(x2) ) 


,  2, .  ^2M--1 


A^p  t‘ 


P-A  x2M- 


(1  +  0(x2) ) 


}• 


as  x  — >  0  , 


..  '  11 


' 


■ 


' 


' 
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As  in  Theorem  2,6,  away  from  singularities  in  the  A-plane  of  f  and  k 


|f(x)|  <  n(x) 


and 


|K(x,t)T)(t)|  <  r)(x)g(t) 


uniformly  with  respect  to  (i  and  A  where 


and 


/  \  ,T  ReA+2 
T|  ( x }  =  Nx 


e  i  .2^-1 

g(t)  =  M(t0'1  +  )  ,  8  >  0  , 


L  5C 

so  that  if  |i  >  M  and  —  >  g—  lemma  2,4  applies.  The  function  y(x) 

is  identified  by  its  behaviour  as  x  — ►  0  to  be  a  multiple  of  cp(A,kj  x) 

so  that  ep(A,k;  x)  is  a  regular  analytic  function  throughout  the  A-plane 

with  the  exception  of  possible  singularities  in  ReA  <0  at  singular 

points  of  j  K(xQ,t)  dt  ,  Again  these  singularities  do  not  have 

'J  o  'o' 

to  be  isolated. 


§2,5  Analyticity  of  f^,2^(A,k) 


To  apply  the  results  of  Theorems  2,4  -  2.9  to  the  Jost  functions 

( 1  2 ) 

fv  ’  \A,k)  we  recall  the  remark  at  the  beginning  of  §2.k  that 
f(i)(X,k)  (i  =  1  or  2)  is  an  analytic  function  of  A  or  k  in  any  region 
in  which  qp(A,  k$  x)  and  F^^(A,k,  x)  are  both  analytic.  Since 

2  ^  /  i  \ 

(•^)  cp(A,k$  x)  is  an  entire  function  of  k  and  F'  '(A,k;  x)  is  an 
entire  function  of  A  ,  f^^(A,k)  has  the  same  analyticity  regions  in  A 

as  cp(A,kj  x)  and  in  k  as  F^^(A,kj  x).  We  collect  the  results  for 
f(1,2)(A,k)  in  Theorem  2.10. 


(x)fT  >  |(x)3| 

o  •  i  1-  VI  v i >m •  it  1 

■ 

. 

.  .  -j  i  ' 

svari  3 on  oh  aoiJlialugnie  saarf?  ulagA  ,3 

i  >  oj 
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Theorem  2. 10 

( I  o\ 

The  Jost  functions  f'  *  '(A,k)  are; 

(i)  regular  analytic  functions  of  k  in  0  <  arg  k  <  *  and 

-jt  <  arg  k  <  0  respectively  if  V  is  as  in  Theorem  2.4  , 

(ii)  regular  analytic  functions  in  - 0  <  arg  k  <  «  +  9^  and 

-(«  +  0^)  <  arg  k  <  respectively,  V  as  in  Theorem  2.5  f 

(iii)  regular  analytic  functions  throughout  the  k-plane,  V  as 
in  Theorem  2.6,  except  for  the  possible  singularities  given 
in  that  theorem. 

(iv)  regular  analytic  functions  of  A  ,  ReA  >  0  ,  V  as  in  Theorem 

2.7  , 

(v)  regular  analytic  functions  of  A  throughout  the  A-plane 

except  for  isolated  singularities  in  ReA  <  0  ,  V  as  in 
Theorem  2.8  , 

(vi)  regular  analytic  functions  of  A  throughout  the  A-plane,  V 

as  in  Theorem  2,9  ,  except  for  the  possible  singularities 
given  in  that  theorem. 

We  close  this  chapter  with  the  remark  that  in  any  result  where 
continuity  only  was  assumed  on  the  potential  that  this  condition  can  be 
relaxed  to  one  of  piecewise  continuity  since  the  integral  equation  (2.46) 
ensures  the  continuity  of  cp  and  its  derivative. 
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CHAPTER  III 


ASYMPTOTIC  PROPERTIES  OF  JOST  FUNCTIONS 


It  was  pointed  out  in  Chapter  I  that  the  behaviour  of 

(12) 

f'  ’  '(A,k)  as  jX |  — •*  co  and  as  jkj  -*  00  is  of  some  interest  to 

physicists.  This  chapter  uses  the  techniques  of  Langer  as  presented  by 

(l  2 ) 

Erdelyi  [23]  to  discuss  the  asymptotic  behaviour  of  f  *  ’  ,/(A,k)  when 
N  +  I  k  |  -*  and  j^j  is  bounded  away  from  zero  and  infinity. 


§3.1  Introduction 

Many  authors  have  discussed  the  asymptotics  of  the  Jost 
functions.  Of  particular  interest  is  the  work  of  Calogero  [15,  16,  17] 
who  discusses  the  case  jA J  co  which  is  also  dealt  with  by  Barut  and 
Dilley  [5]  for  a  more  restricted  class  of  potentials.  Sartori  discusses 
the  case  A  -  —  (s-waves),  jkj  eo  ,  Throughout  this  chapter  the 
conditions  on  the  potential,  unless  otherwise  stated,  will  be  piecewise 
continuity  with  (2.34)  and  (2.35) • 

Consider  again  the  radial  Schrodinger  equation 

(3.1)  +  (k2  -  -  V(x) )  y  =  0  . 

dx  x 

p 

O  'T1“"  q 

When  jAj  +  jk|  -+  <®  and  |k  -  -77  j  >  >  jv(x)  -  —77  j  one 

4x^ 

expects  solutions  to  (3.1)  to  be  closely  approximated  by  solutions  to 

^2  g  ^2  ^ 

— ^  +  {k  -  ~2  }  y  =  0  the  only  difficulty  arising  at  x  =  ~  . 


-  47  - 


Furthermore  it  is  not  difficult  to  show  that  if  |x|  <  |~;|  -  c  that 


A-li  — 

y  %  Ax  +  Bx  ^  and 


.  ,A |  ^  ^  _  ikx  ^  -ikx 

;>  —  I  +  c,  c  >  0,  y  %  Ce  +  De  , 


,2  ^2  i  i\  ,2  „ 

i.e.  solutions  to  — -  — ~7T~  y  =  0  and  - — +  k  y  =  0  , 

dx  x  dx 

respectively.  It  is  the  transition  from  power-like  behaviour  to  exponential¬ 
like  behaviour  which  gives  rise  to  difficulties,  i.e.  what  C  and  D 
correspond  to  a  given  A  and  B  ? 


A  problem  similar  to  the  present  one  has  received  considerable 
attention  in  the  literature  -  namely  the  Sturm-Liouville  problem  of  dis¬ 
cussing  the  asymptotic  behaviour  of  solutions  to  the  differential  equation 

+  (A2p(x)  +  r (x,A) )  y  =  0  , 

dx 

a<x<b,  |  Tv  |  — »  oo  and  |A  p(x)  |  >  >  jr(x,A)  |  .  Of  particular 

interest  here  is  the  case  when  p(x)  changes  sign  at  some  point 
XQ€(a,b)  .  Our  approach  to  the  Jost  function  problem  is  essentially  that 
contained  inErdelyi’s  [23]  work  on  the  Sturm-Liouville  problem. 


§3.2  Airy  Functions 

The  simplest  equation  with  a  transition  point  is 

a2 

(3.2)  — —  +  zw  =  0  . 

dz 

This  equation  has  solutions 

w  -  Ai(e  0)  z)  and  w  =  Bi(e  w  z) 

where  Ai  and  Bi  are  Airy  functions  and  co  =  e  '  ,  (m  =  0,  +  1,  +  2,  ...)  . 
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* 

In  what  follows  some  of  the  properties  of  Ai  will  be  needed. 


Ai(z)  is  an  entire  function  whose  zeros  are  all  real  and 


negative. 

(3.3) 

Ai(einz)  =  1/3-VztJ^U)  + 

where  J 

is  a  Bessel  function  and  £  =  2/3  (principal  branch). 

(3.*0 

Ai(u)mz)  +  wAi(u)II1+^z)  +  w2Ai  (  u)lin+^  z )  =  0 

(3.5) 

Ai(z)  =  jjr2zlre^(l+0(^1)),  as  z  -*  oo  ,  -jt  <  arg 

(3.6) 

Ai(z)  =  ijt~2  z~u{e‘^(l  +  0(^-1))  +  ie^(l  +  0( C _  1 ) ) 3 

as  z  -»  oo  f  jt/3  <  arg  z  <  5jt/3 

(3.7) 

Ai(z)  =  {e"^(l  +  0(C1))-ie^(l  +  Off1))) 

as  z  ,  -5*/3  <  arg  z  <  jt/3 

From 

the  asymptotic  properties  it  follows 

that 

the  functions 

(3.8) 

(1  +  | z | u)e^Ai(z )  , 

-rt  < 

arg  z  <  jt 

(3.9) 

(l  +  | z | u)e"^Ai(z)  , 

jt  < 

|arg  z|  <  5jt/3 

are  bounded. 

§3.3 

Application  to  Jost  Functions 

The  change  of  variables 

I  -i 

z  =  ^(x)  and  w  =  (^  (x))  Y 


* 

Antosiewicz,  H.  A.,  "Bessel  Functions  of  Fractional  Order",  U.S. 
of  Comm.,  Natl.  Bureau  of  Standards  App.  Math.  Ser.  ^  (1964), 


<  Jt 


Dept. 


c  '  r .  :  S»f  I  5  •  -  1 


•  1  ■  '  ■  - 


0 


(((  ‘3)0  +  X)J91  +  ((I_3)0  +  ,)1  »r  s1  its  s)U  (3. 0 


(T.5) 


t  s(*M  +  I) 


£\>t£  >  Is  8“*«|  >  *  t  (*}***  ’•(4l|«l  *  ' 

d  six 


.  •  '  '  .  c 
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transforms  the  Airy  equation  (3.2)  into 


(3.10) 

where 


+  W^')2  +l(^,x))Y  =  0 

dx2 


=  (rn/t')  -  3/2 (r/t')s 


is  the  Schwarzian  derivative  of  if/  with  respect  to  x  ,  If  we  let 

if/(if/1)2  -  k2  -  —  then  the  radial  SchrOdinger  equation  (3.1)  way  be 

r  2 

x 

written 


(3.11) 


dy 


dx‘ 


+  W^')2  +i(^x])y  =  F(x)y 


where  F(x)  =  £{^/,x)  +  V(x)  -  — ,  From  lemma  2.2  it  follows  that  any 

4x2 

solution  to  (3.11)  satisfies  the  integral  equation 


(3.12) 


y(x)  =  Y(x)  +  J  K(x,t)y(t)dt  , 


and  vice  versa,  where 


K(x,t)  =  ^  (Yj(x)Yi(t)  -  Yi(x)Yj(t))  , 


Y,  Y^  and  Y^  being  solutions  to  (3.10)  such  that  W(Y^,  Y^)  =  A  /  0  , 
and  0  <  x  <  00  # 


Since  if/(if/'  )2  =  k2 


we  have 


2/3W*))3//2 


1. 

,2  2 


*  )  +  iX  log(j^  +  id  - 


2V2 


k^x 


k2X2 


)  ) 


kx(  1 


wl>- 


•  t  !  ,1  )  I  Ct  »•  arniO^MT) 


sC^)S\c-  (•*■•*> 
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here  we  choose  that  branch  of  the  square-root  which  is  positive  when 
^2 

—  <1  and  the  principal  branch  of  the  logarithm.  From  the  chain  rule 

k2x2 

for  Schwarzian  derivatives, 


ty,x}  =  ty,a}(a')2  +  (a,x)  , 


we  get 


F(x) 


36  Vx 


2 

■)  + 


V(k) 


+  k**x2 

4(k2xa  -  A2)2 


When  |  ^  |  >  |  x  |  — »■  0 

a(x)  =  -iA[  log(^)  +  1  +  0(— -  )] 

2A 

a'(x)  =  =£  [1.  +  o(— — —  )]  , 

X  A2 


so  that  F(x)  =  0((x  log  x)  2)  +  0(v(x))  ,  as  x  — »  0  .  Similarly  when 


a(x) 

= 

kx[  1  • 

■  §L + 

o(  A 

k2x‘ 

-  )] 

2 

a'(x) 

k[l  + 

of 

)] 

k2x2 

and 

F(x)  = 

=  0(x~‘ 

-)  + 

0(v(x 

))  ,  as 

x  — > 

oo  #  Since 

)2 

=  k2  - 

Af 

X2 

we 

see  that 

A  0 

,  x  / 

A  A 

—  and 
k 

F(x) 

is  defined 

everywhere  except 

possibly  x 

A 

k  * 

As 

x  ->1 

,  (k2x2  -  A: 

;3bva  '  I 

^  k^2  + 

|k^A(x 

-  h 

k' 

so 

that 

F(|)  =  v(|)  +  o(^) 


and  hence 

[(x  log(2  +  i))  +  | v(x ) I ] ~ 1  F(x) 


(3.15) 


:  ■  :  • 


- 


-)0  4*  iW  -  (x)-B 


*a  i  ((»  V)0  -f  •{ 
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is  bounded  uniformly  with  respect  to  A  ,  k  and  x  . 

We  will  use  three  solutions  to  the  equation  (3. 10): 

(3.  HO  \  Ai(elVV)  ,  m  =  0,  1,  2, 

and  these  may  be  written 


\  =  (^')'2  Ai(0m),  in  =  0,  1,  2, 

where 

eo  =  euy  ,  ex  =  e_1%  ,  e2  =  e^w'V  . 

From  (3.8)  and  (3.9) 


(5.15) 


<  n 


m 


where 

\  =  ¥  exp  (-Re  2/3  Sm5//2)  ,  -it  <  arg  ^  , 

\  =  ¥  exp  (Re  2/3  Q^2),  «  <  |arg  0j  <  5n/3 

and  ¥  =  C|^'|"I(l+  l^l^)”1  .  Finally  we  remark  that 

2/3  0q5/2  =  -ia  ,  2/3  015/2  =  -ia  and  2/3  02?/2  =  ia  . 


Before  proceeding  further  we  give  the  following  lemma. 

Lemma  3. 1 

(i)  If  |^|  <  x  <  00  then  Ima(x)  is  non-increasing  (for  increasing 
x)  if  arg  A  =  arg  k  and  Imk  <  0  and  non-decreasing  if  Imk 
>  0  .  For  unrestricted  A  ,  Ima(x)  is  non-increasing  if 
-3rt/lj-  <  arg  k  <  -n/k  and  non-decreasing  if  n/k  <  arg  k  <  3rtA* 
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(ii)  If  0  <  x  <  |^|  then  Iroa(x)  is  non-increasing  (for 
increasing  x)  if  arg  A  =  arg  k  ,  ReA  >  0  and  for 
unrestricted  k  ,  Ima(x)  is  non-increasing  if  |arg  A|  <  rt/b. 

We  indicate  the  proof  of  (i)  and  that  of  (ii)  is  similar. 


Since 


i. 

r  ^  2 

a(x)  =  /  (k2  -  h-  )  dt 

t2 


X. 

2  2 


Ima(x)  =  Im(k2  -  ) 

x 


=  Itn[k(l  -  /  ]  , 

k2x2 


If  arg  A  =  arg  k  then  —  Ima(x)  has  the  same  sign  as  link  ,  since 

—  <  1  ,  and  this  gives  the  first  part  of  (i)  .  The  second  part  of 

k2x2  i. 

>2  2 


(i)  follows  from  the  fact  that  -it/k  <  arg(l  - 


2„2 


k  x 


)  <  >  since 


2„2 


<  1  . 


k*x 


We  are  now  in  a  position  to  define  some  solutions  to  the  radial 
Schrodinger  equation  (3. 11 )  and  to  examine  their  asymptotic  behaviour  as 
|A|  +  |k|  ->  00  #  Three  solutions  are  given  by 


(3.16) 


where 


yro(x)  =  +  f  K(x,t)ym(t)dt  ,  m  *  0,  1,  2, 

SJ  V 


m 


X  =  0  •  x,  =  X.  =  00  . 
o  '  1  2  ' 


and  from  (3.4)  and  (3.12) 


t  >1  «3*  *  ^8«  51  (*  galaitiwrl 

,  ■  f  -  ^  : 


' 


,  i  £  -  iw- 


>* }  ? 


;  ;  •,;  ,.  :  ■  >  "  1  '  '■  .  .  “  * 


■ 


; 


jj  j  o:  ;  6  o  > 
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K(x,t)  =  2xJ  F(t)(Yo(x)Y1(t)  -  Y1(x)Yo(t)) 

=  F(t)(Yx(x)Y2(t)  -  Yg(x)Y1(t)) 

=  2noo"f  F(t)(Yg(x)Yo(t)  -  YQ(x)Y2(t))  . 


Theorem  5. 1 

As  |x|  +  |k|  -+  oo  , 

(3.1T)  ym  =  \  +  ilm  o(( |A|  +  |k|)_1)  ,  n<  =  o,  l,  2, 

uniformly  with  respect  to  x  when  0  <  1^1  <  00  t 


m 

=  0, 

|arg  X  |  <  it/k  , 

it  /k  < 

|arg  k | 

< 

a 

VI 

m 

=  1, 

|arg  X|  <  it/k  , 

n/k  < 

arg  k  < 

5*A 

and 

m 

«  2, 

|arg  X|  <  j t/%  ,  ■ 

VI 

J 

1 

arg  k  <  ■ 

-n/k  , 

Also  (3.I7) 

holds 

when  arg  X  =  arg 

k  and 

m 

=  0  , 

|  arg  X  |  <  it/2 

m  =  1  ,  0  <  arg  k  <  it 

and 

m  =  2  ,  -rt  <  arg  k  <  0  . 

This  result  is  essentially  a  generalisation  of  Erdelyi’s  [23] 
results  for  Bessel  functions  J- (Xx)  and  Hankel  functions 


where  X  and  x  are  real  and  X 
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Proof  for  m  =  0: 

In  the  integral  equation  (j.l6) 


|k(x,  t )  |  <  M¥(x)¥(t)  [exp(a(x)-a(  t) )  +  exp(a(t)-a(x))]F(t) 

where  M  is  independt  of  A,  k,  x  and  t  ,  When  0  <  t  <  x  <  |—|  , 
from  (3.I5), 


Yq(x)  <  tjq(x)  =  'F(x)  exp( -Iro  a(x)),  ReA  >  0  . 

Since,  from  Lemma  3.1  ,  Im  a(x)  is  non-increasing  if  |arg  A|  <  jj-  we  find 

(3.18)  |K(x,t)rio(t)|  <  Tio(x)2M(^(t))2F(t) 

=  nQ(x)g(t) 

where  g  =  2M(¥)2F. 

Similarly  when  x>  |^|  ,  0  <  t  <  x  , 

(3.19)  |K(x,t)qo(t)|  <  T]0(x)g(t) 

where  in  addition  to  |arg  A|  <  ^  we  must  now  make  the  restriction 
<  |arg  k|  <  ^  to  use  lemma  3.1. 


Since 

(so*  =  ci^,rl(i  + 1^1^) 

k  -1 

<  c\r(t)z\ 


and  from  (3.13)  an(*  the  conditions  (3.3*0  an<*  (2.35)  on  the  potential 


I  >  X  >  J  >  0  .isrfW  ,  S  him  *  %i  %A  *  *  eT®rfw 

,( ;x.;)  -  wi 


.  o  <  Xefl  t((x)£>  ml-)qxa  (x)'i' 
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(3.20) 


G(x) 


g(t)dt 


0((IM  +  M)-1) 


uniformly  with  respect  to  x  in  the  (X,k)  regions  described  in  the 
statement  of  the  theorem.  Hence,  from  (3. 18)  -  (3.20)  and  lemma  2,3 


yD  =  yo  +  n0o(M  +  M)'1)  ,  0  <  |£|  <  »  , 


uniformly  with  respect  to  x  ,  The  proof  for  m  =  1  and  m  =  2  is  similar. 


It  now  remains  to  identify  the  solutions  y^  to  the  radial 
Schrodinger  equation.  From  the  behaviour  of  Yq  as  x  -*  0  , 

(3.21)  yQ(x)  =  lJt2A_2e^(|“)  x2  [1  +  0((log  x)"1  +  0(  f  tV(t)dt)]  , 

J  o 


and  from  Theorem  2.2  , 


(5.22)  <p(A,k,  x)  =  (|)  (r(X+l))_1xX+a  [1  +  0(x2)  +  0(J  tV(t)dt)]  . 


Comparison  of  (3.21)  and  (3.22)  gives 

(3.23)  <P  =  2«V+VV(X+l))'1yo  , 


and  similarly 

(3.24)  F^  =  25/2e"in/5y1  , 
and 

(3.25)  f<2>  -  23/2eV3y2  . 

It  should  be  remarked  that  since  A  -*  0°  (3.23)  simplifies,  by  Stirling's 
formula,  to 

<P  -  (2*  +  0(i))yQ  . 


Theorem  3. 1  and  the  equations  (3.23)  -  (3.25)  give  the  following  results. 


, 

* 
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!  *  ■  1 
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Theorem  3.2 


M  +  W 


As 


00 


(3.26)  (P  =  ac**X,*VV(X+l)r1Yo  +  T)0  0((  |X|  +  |k|  )_1)  , 

(3.27)  F(l)  =  23/2e'1,t/3  Yx  +  ni0((|x|  +  Ikl)'1) 

(3.28)  F(2)  =  23/2ei*'/3  Yg  +  n20((|X|  +  M)'1) 


and  the  bounds  implied  by  the  Hardy  0's  are  uniform  with  respect  to  x  , 
the  parameters  A  and  k  being  restricted  as  in  Theorem  J.l  for  m  =  0  , 
m  =  1  and  m  =  2  ,  respectively. 


We  use  Theorems  2.3  and  3.2  to  get  asymptotic  expressions  for 
the  Jost  functions.  As  |a|  +  |k|  -►  »,  0  <  |^|  <  00  , 

(3.29)  f^(*,k)  =  1  +  (2K)3/2e1’t/6XA+5e">l(r(X+l))"Y  V(x)Y  (xjY^xJdx 

J  o 

'(1) 

+  Z  (x,k)  . 


and 

(5.3°)  f^(X,k)  =  1  +  (2x)3/2e"in/V+Ie'X(rU+l ))~lf  V(x)Yq(x)Y  (x)dx 

J  O 

(2) 

+  2  (X,k)  . 


(1) 

1  \Z  (*,k)|  < 


V(*)il0(x)Ti1(x)dx  0((  |>  | 


+ 


W)'1) 


=  0(( |X |  +  |k|)'2) 


In  (3.29) 


' 


(i‘(l-»!  +  i-'1))oSii  +  ' 


t  x  oJ  aDdqeftT  r  :  yd  bdllqmJt  afonu od  sd3  bn* 


. v:0vi3»®qa*-j  K  S  *  •  bo*  X  *  » 
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provided  |arg  A|  <  n/k  ,  n/k  <  arg  k  <  Jx/k  ,  or  if  arg  A  =  arg  k  , 
0  <  arg  k  <  ji/2  .  Similarly  in  (3,30) 


(2) 

2  (A,k)  - 


+  W)’2) 


provided  |  arg  A  |  <  %/k  ,  -5&/^  <  arS  k  <  ,  or  if  arg  A  =  arg  k  , 

-jt/2  <  arg  k  <  0  . 


Simpler  expressions  result  if  we  use  Theorem  3.2  for  the  free 
Schrodinger  equation  and  equations  (3*29)  and  (3*30)  • 


Theorem  3.3 


(3.31) 

or 

(3.32) 


As  |x|  +  |k|  -*  oo 


f(1,2)(A,k) 


1  +  V2  J  V(x)F^ ’t*>p0(*)dx  +  £(l,2)(A,k) 


(1,2), 


(cp,k)  a  X  +  ix/2  J  xV(x)H^,2^(kx)J^(kx)dx 


+  c(1,2)(x,k) 


where  g(^»2)  are  0((|x|  +  tk|)”2)  In  the  same  regions  as  those  given  for 


(1,2) 

£  ,  respectively. 


Remarks. 

(i)  It  had  been  hoped  that  Erdelyi -Wyman -type  [25]  results,  i.e.  without 
the  restriction  that  |“-|  be  bounded  away  from  0  and  00  f  could  be 
obtained  by  this  procedures  however  it  seems  evident  that  a  more 
sophisticated  technique  is  needed  to  remove  this  restriction* 
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(ii)  The  admissible  regions  for  the  approach  of  A  and  k  to  infinity 
can  be  extended  for  analytic  potentials  like  those  introduced  in 
Chapter  II  ,  e.g,  by  integrating  along  a  ray  system  in  (3.32).  It 
seems  reasonable,  however,  that  (3.32)  should  hold  in  ReA  >  0  and 
Imk  >  0  and  <  0  ,  respectively,  for  quite  general  potentials,  but 
the  estimate  on  the  error  needs  modification. 

(iii)  Equations  (3.29)  and  (3.30)  imply  that  under  the  given  conditions 
the  Jost  functions  approach  their  unperturbed  values,  i.e. 

f(l'2)(X,k)  -  1  . 
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